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Abstract: We consider the left-right entanglement (LREE) entropy in 1+1 dimen-
sions for WZW models on a circle, and for WZW models on untwisted and twisted
D-branes. The consequences of level-rank duality for these applications is presented
which provides a map of LREE from large to small central charge.
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1. Introduction
Entanglement entropy has become an important topic of interest in quantum field
theory, AdS/CFT correspondence, black-hole physics, and many other applications.
For systems where the Hilbert space can be written as H = HA
⊗HB , the quantum
entanglement of the subsystem HA is obtained from the reduced density matrix ρA,
and the von Neumann entropy SA = −tr(ρAlnρA), computed by tracing over the
degrees of freedom of HB.
An interesting application of this strategy is that of a class of excited states of
CFT on a circle in 1+1 dimensions with conformally invariant boundary states |B〉〉
which are various linear combinations of Ishibashi states |λ〉〉I [18] appropriate for a
CFT on a circle in 1+1 dimensions, [27,28] D-branes in string theories, and D-branes
for WZW models. These are examples which have a basis for the factorization into
left and right moving sectors. One can trace over the right-moving states to obtain
a left-right entanglement entropy(LREE).
Recently the formalism to calculate the LREE for a CFT on a circle in 1+ 1 di-
mensions was developed [28]. However Ishibashi states do not satisfy the appropriate
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boundary conditions in many cases. For a CFT on a finite cylinder, WZW models
on D-branes, and other applications, Cardy states are appropriate [16]. These are
|λ〉〉C =
∑
µ
Sλµ√
S0µ
|λ〉〉I (1.1)
where Sλµ is the modular transformation matrix of the CFT. For example, the LREE
for Cardy states on a circle in 1 + 1 is [28]
S|λ〉〉C =
πcl
24ǫ
−
∑
µ
S2λµ ln
(
S2λµ
S0µ
)
(1.2)
where l is the circumference of the circle, and ǫ is an UV cutoff introduced to define
regularized boundary states. The Cardy states play a prominent role in this paper
as will become evident.
We will be concerned with the WZW models for the classical Lie algebras,
ŝu(N)K and ŝp(N)K . These WZW models have important algebraic properties,
level-rank duality1, [1–5] which involve maps of cominimal classes of
ŝu(N)K → ŝu(K)N and ŝp(N)K → ŝp(K)N . (1.3)
Spinors representations of ŝo(N)K involve several complications for level-rank duality
of ŝo(N)K , so that ŝo(N)K will not be discussed in this paper.
We will present consequences of level-rank duality for LREE for two applications;
1) WZW models on the circle in 1 + 1 dimensions. and 2) untwisted and twisted
D-branes of WZW models. [4, 5] The latter are concerned with strings propagating
on a group manifold.
We give an extensive review of level-rank duality as applied to WZW models
on untwisted and twisted D-branes in the Appendices. These provide the necessary
information needed for the body of the paper.
It was shown [28] that when the boundary states on the circle in 1 + 1 dimen-
sions are chosen to be Ishibashi states, the LREE entropy reproduces the spatial
entanglement entropy of a (2+1) dimensional topological field theory (TQFT).2 For
a Cardy state on a circle, the LREE can be interpreted as the average topological
entanglement entropy. Extending this, it would be interesting if there was a topo-
logical interpretation in (2 + 1) dimensions corresponding to the WZW models on
untwisted and twisted D-branes. One possibility is that of Wilson line observables of
Chern-Simons theories on S3, with the gauge group of an associated WZW model.
1It is a common misconception that level-rank duality involves a map from a Young tableau to
another one obtained by interchanging rows and columns of the tableau. Rather, it is a one to one
map of equivalence classes. See appendices
2See figure 1 of [28].
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Recall that the central charge for ŝu(N)K is
c =
K(N2 − 1)
K +N
(1.4)
and for ŝp(n)k
c =
KN(N + 1)
(N +K + 1)
(1.5)
Consider the limit K →∞, N fixed for (1.4) and (1.5), so that
c ∼ (N2 − 1) and c ∼ N(N + 1) respectively. (1.6)
Then for the level-rank duals ŝu(K)N and ŝp(K)N
c ∼ KN, (1.7)
again for N fixed, K →∞.
If there is a topological description for the examples of this paper, perturbatively
it could be described by an expansion in 1/c, in the large c limit, which would be
a strong-coupling limit of the CFT. Then by using the level rank duality, one could
evaluate the WZW models in a weak-coupling expansion in (1 + 1) dimensions, and
compare with the topological theory in detail.
2. LREE on a circle and level-rank duality
In this section we consider the consequences of level-rank duality for the LREE of
WZW models on the 1 + 1 dimensional circle of circumference l. The necessary
formalism was developed in [27, 28], so that here we only select results needed for
our discussion. Consider an arbitrary boundary state in terms of Ishibashi states
|B〉〉 =
∑
λ
ψλB|hλ〉〉I (2.1)
where λ is the label for the λth primary of the CFT with weight hλ. The state |B〉〉
is non-normalizable, so that a regularized state [27, 28]
|B〉〉 = e
−ǫH
√
NB
|B〉〉 (2.2)
is introduced, with NB a normalization factor. The Hamiltonian is
H =
2π
l
(L0 + L¯0 − c
12
) (2.3)
for a circle of circumference l, L0 a Virasoro generator, c the central charge of the
CFT, and ǫ a cut-off to be considered for ǫ→ 0.
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In [28] it is shown that the LREE is3
S|B〉〉 =
πcl
24ǫ
−
∑
λ S
2
0λ|ψλB|2 ln
(|ψλB|2)∑
λ S
2
0λ|ψλB|2
+ ln
(∑
λ
S0λ|ψλB|2
)
(2.4)
where Sµλ is the modular transformation matrix of the CFT. For our applications,
we concentrate on Cardy states. [see Appendices (A) to (D) for details]. Untwisted
Cardy states 4 can be written as
|λ〉〉C =
∑
µ
Sλµ√
S0µ
|µ〉〉I (2.5)
for generic Cardy states in a diagonal CFT, the LREE is
S|λ〉〉 =
πcl
24ǫ
−
∑
µ
|Sλµ|2 ln
( |Sλµ|2
|S0µ|
)
(2.6)
Now specialize (2.6) to ŝu(N)K and ŝp(N)K WZW models. The level-rank dual
of the divergent part of (2.6) is trivially given by (1.4) and (1.5). Therefore we
concentrate on the finite part of (2.6) in what follows.
Consider the untwisted Cardy state |0〉〉C for the identity representation. Then
the LREE is [28]
S|0〉〉C =
πcl
24ǫ
−
∑
λ
(
dλ
D
)2 ln((
dλ
D
) (2.7)
where dλ = (
S0λ
S00
) is the quantum dimension of the conformal primary λ, and
D = [
∑
λ
d2λ]
1/2 =
1
S00
(2.8)
is the total quantum dimension. It is shown in [1] that
(
S0λ
S00
)G(N)K = (
S˜0λ˜
S˜00
)G(K)N (2.9)
for all non-spinor representations of all classical groups, for all N and K. Since the sum
in (2.7) for sˆo(N)K includes spinor representations, level-rank duality is considerable
more complicated, so that sˆo(N)K will not be considered in this paper. Combining
(2.7) to (2.9) and (D.6) we conclude that (S|0〉〉C )finite is invariant for ŝp(N)K ↔
ŝp(K)N . For ŝu(N)K ↔ ŝu(K)N , we turn to generic Cardy states |λ〉〉C.
3We use the conventional notation S0λ to denote the modular transformation matrix connected
to the identity
4Twisted Cardy states are discussed in Appendix C in the context of twisted D -branes
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ŝu(N)K ↔ ŝu(K)N
From (B.15), the finite part of (2.6) for ŝu(N)K , expressed in terms of the S-matrices
of ŝu(K)N is
−
∑
µǫPK+
(
K
N
)|S˜λ˜µ˜|2 ln
{√
K
N
|S˜λ˜µ˜|2
|S˜0µ˜|
}
(2.10)
where S˜λ˜µ˜ is the modular transformation matrix of ŝu(N)K . The sum µ over the
primary states of ŝu(N)K is equivalent to N times the sum over cominimal equivalence
classes of ŝu(N)K . These in turn are in 1 to 1 correspondence with the cominimal
equivalence classes of ŝu(K)N and finally a factor of 1/K to sum over primary states
of ŝu(K)N . Therefore we conclude that(
S|λ〉〉
c
)
finite
= −1
2
ln
(
K
N
)
+
(
S˜|λ˜〉〉
c
)
finite
(2.11)
which relates the (finite part) of LREE of ŝu(N)K to that of ŝu(K)N .
ŝp(n)k ↔ ŝp(k)n
A similar calculation using (D.6) shows that for this case(
S|λ〉〉
c
)
finite
=
(
S˜|λ˜〉〉
c
)
finite
(2.12)
3. LREE for untwisted D-branes of WZW models
The basic description of untwisted D-branes for WZW models is reviewed in Ap-
pendix B, where the closed-string Hamiltonian
H =
1
2
(
L0 + L0 − 1
12
c
)
(3.1)
appears in (B.10)ff. A LREE is obtained from a cylinder with boundary conditions
α and β on the two boundaries. One constructs a reduced density matrix ρA by
tracing over the degrees of freedom on boundary β. As explained in Appendix B,
the coherent states ‖B〉〉 for this set-up are given by Cardy states ‖λ〉〉c c.f. equation
(B.11). The derivation of [28] is applicable with the change l → 4π in (2.6). Thus
S|λ〉〉 =
π2c
6ǫ
−
∑
µǫPK+
|Sλµ|2 ln
( |Sλµ|2
|S0µ|
)
(3.2)
Therefore the consequences of level-rank duality is identical to that of section II.
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4. LREE for twisted D-branes of ŝu(2n+ 1)2k+1 WZW models
The ω-twisted Cardy states, described in Appendix C, are
|λ〉〉ωc =
∑
µ ǫ εω
ψλπ(µ)√
S0µ
|µ〉〉ωI (4.1)
where ψλπ(µ) is identified with the modular transformation matrix of (A
(2)
2n )2k+1, and
S0λ that of a self-conjugate representation of ŝu(2n+ 1)2k+1. Further, as discussed
in Appendix C, one can identify
ψλπ(µ) = S
′
λπ(µ) (4.2)
as the modular transformation matrix of ŝp(N)K . From (4.1) and (4.2), together
with (2.4) we obtain the LREE for the ω-twisted D-branes
S|λ〉〉ωc =
π2c
4ǫ
−
∑
µ ǫ εω
|S ′λπ(µ)|2 ln[
S ′λπ(µ)|2
|S0µ| ] (4.3)
where the modular properties of S ′λπ(µ) ǫ ŝp(N)K have been used.
We now turn to the level-rank duality of the finite part of (4.3). From (D.5)
S ′αβ = S˜
′
α˜′β˜′
= S˜ ′∗
α˜′β˜′
(4.4)
where S ′ and S˜ ′ denote the modular transform matrices of ŝp(N)K and ŝp(K)N
respectively, which involves a one-to-one map of the primary states of ŝp(N)K to those
of ŝp(K)N . Since S0µ is that of a self-conjugate representation of ŝu(2n+ 1)2k+1, it
is related to that of ŝu(2k + 1)2n+1 by (B.15). Therefore
|S0µ| = (2k + 1
2n+ 1
)
1
2 |S˜0µ˜| (4.5)
Since ∑
µ ǫ εω
|S ′λπ(µ)|2 = 1 (4.6)
we obtain the level-rank dual of the twisted LREE
[S|λ〉〉ωc ]finite = [S˜|λ˜〉〉ωc ]finite +
1
2
ln(
2k + 1
2n + 1
) (4.7)
where the sum µ ε ǫω is one-to-one with the sum µ˜ ǫ εω as is appropriate to ŝp(N)K →
ŝp(K)N
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5. Concluding Remarks
The LREE of WZW models on the 1 + 1 dimensional circle and on untwisted and
twisted D-branes was presented, together with the consequences of level-rank duality.
The limit K →∞, N fixed, relates dual theories, one with large central charge to one
with finite central charge. This can be useful in considering strong coupling limits. It
is known that the LREE CFT on a circle can be related to that of a topological theory
in 2 + 1 dimensions. It is an open question if there is a topological interpretation in
2 + 1 dimensions for the LREE for WZW models on untwisted and twisted branes.
Considerations of these issues is in progress.
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A. Level-rank duality overview
Level-rank duality is a relationship between various quantities in bulk Wess-Zumino-
Witten models with classical Lie groups [1–3]. It has been shown [4, 5] that level-
rank duality also applies to untwisted and to certain twisted D-branes in the cor-
responding boundary WZW models (For a review of D-branes on group manifolds
see [6–15, 17–26] Untwisted (i.e., symmetry-preserving) D-branes of WZW models
are labelled by the integrable highest-weight representations Vλ of the affine Lie
algebra. For example, for ŝu(N)K , these representations belong to cominimal equiv-
alence classes [1, 3] generated by the Z N simple current of the WZW model, and
therefore so do the untwisted D-branes of the model. Level-rank duality is a one to
one correspondence between cominimal equivalence classes (or simple-current orbits)
of integrable representations of ŝu(N)K and ŝu(K)N , and therefore induces a map
between cominimal equivalence classes of untwisted D-branes.
The spectrum of an open string stretched between D-branes labelled by α and
β is specified by the coefficients of the partition function [4, 5]
Zopenαβ (τ) =
∑
λ∈PK+
nβλ
αχλ(τ) (A.1)
where χλ(τ) is the affine character of the integrable highest-weight representation
Vλ. For untwisted D-branes discussed in Appendix B, the coefficients nβλ
α are equal
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to the fusion coefficients of the bulk WZW theory [16], so the well-known level-
rank duality of the fusion rules [1–3] implies the duality of the open-string spectrum
between untwisted branes. For twisted D-branes, see Appendices C and D.
B. Untwisted D-branes of WZW models
We review some salient features of Wess-Zumino-Witten models and their untwisted
D-branes. [4]
The WZW model, which describes strings propagating on a group manifold,
is a rational conformal field theory whose chiral algebra (for both left- and right-
movers) is the (untwisted) affine Lie algebra gˆK at level K. The Dynkin diagram
of gˆK has one more node than that of the associated finite-dimensional Lie algebra
g. Let (m0, m1, · · · , mn) be the dual Coxeter labels of gˆK (where n = rank g) and
h∨ =
∑n
i=0mi the dual Coxeter number of g. The Virasoro central charge of the
WZW model is then c = K dim g/(K + h∨). For ŝu(N)K ; c =
K(N2−1)
K+N
, and for
ŝp(N)K ; c =
KN(N+1)
(N+K+1)
.
The building blocks of the WZW conformal field theory are integrable highest-
weight representations Vλ of gˆK , that is, representations whose highest weight λ ∈ PK+
has non-negative Dynkin indices (a0, a1, · · · , an) satisfying
n∑
i=0
miai = K . (B.1)
With a slight abuse of notation, we also use λ to denote the highest weight of the
irreducible representation of g with Dynkin indices (a1, · · · , an), which spans the
lowest-conformal-weight subspace of Vλ.
For ŝu(n+ 1)K = (A
(1)
n )K and ŝp(n)K = (C
(1)
n )K , the untwisted affine Lie alge-
bras with which we will be concerned in this section, have mi = 1 for i = 0, · · · , n,
and h∨ = n+1. It is often useful to describe irreducible representations of g in terms
of Young tableaux. For example, an irreducible representation of su(n + 1) or sp(n)
whose highest weight λ has Dynkin indices ai corresponds to a Young tableau with
n or fewer rows, with row lengths
ℓi =
n∑
j=i
aj , i = 1, . . . , n . (B.2)
Let r(λ) =
∑n
i=1 ℓi denote the number of boxes of the tableau. Representations
λ corresponding to integrable highest-weight representations Vλ of ŝu(n+ 1)K or
ŝp(n)K have Young tableaux with K or fewer columns.
We consider in this section WZW theories with a diagonal closed-string spectrum:
Hclosed =
⊕
λ∈PK+
Vλ ⊗ V λ∗ (B.3)
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where V represents right-moving states, and λ∗ denotes the representation conjugate
to λ. The partition function for this theory is
Zclosed(τ) =
∑
λ∈PK+
|χλ(τ)|2 (B.4)
where
χλ(τ) = TrVλq
L0−c/24 , q = e2πiτ (B.5)
is the affine character of the integrable highest-weight representation Vλ. The affine
characters transform linearly under the modular transformation τ → −1/τ ,
χλ(−1/τ) =
∑
µ∈PK+
Sµλ χµ(τ) , (B.6)
and the unitarity of S ensures the modular invariance of the partition function (B.4).
Next we consider D-branes in the WZW model [4, 6]. These D-branes may be
studied algebraically in terms of the possible boundary conditions that can consis-
tently be imposed on a WZW model with boundary. In this section we consider
boundary conditions that leave unbroken the gˆK symmetry, as well as the confor-
mal symmetry, of the theory, and we label the allowed boundary conditions (and
therefore the D-branes) by α, β, · · · . The partition function on a cylinder, with
boundary conditions α and β on the two boundary components, is then given as a
linear combination of affine characters of gˆK [16]
Zopenαβ (τ) =
∑
λ∈PK+
nβλ
αχλ(τ) . (B.7)
This describes the spectrum of an open string stretched between D-branes labelled
by α and β.
In this section, we consider a special class of boundary conditions, called un-
twisted (or symmetry-preserving), that result from imposing the restriction[
Ja(z)− Ja(z¯)] ∣∣∣∣
z=z¯
= 0 (B.8)
on the currents of the affine Lie algebra on the boundary z = z¯ of the open string
world-sheet, which has been conformally transformed to the upper half plane. Open-
closed string duality allows one to correlate the boundary conditions (B.8) of the
boundary WZW model with coherent states |B〉〉 ∈ Hclosed of the bulk WZW model
satisfying [
Jam + J
a
−m
] |B〉〉 = 0 , m ∈ Z (B.9)
where Jam are the modes of the affine Lie algebra generators. Solutions of eq. (B.9)
that belong to a single sector Vµ ⊗ V µ∗ of the bulk WZW theory are known as
Ishibashi states |µ〉〉I [18], and are normalized such that
I〈〈µ|qH |ν〉〉I = δµνχµ(τ) , q = e2πiτ (B.10)
– 9 –
where H = 1
2
(
L0 + L0 − 112c
)
is the closed-string Hamiltonian. For the diagonal
theory (B.3), Ishibashi states exist for all integrable highest-weight representations
µ ∈ PK+ of gˆK .
A coherent state |B〉〉 that corresponds to an allowed boundary condition must
also satisfy additional (Cardy) conditions [16], among which are that the coefficients
nβλ
α in eq. (B.7) must be non-negative integers. Solutions to these conditions are
labelled by integrable highest-weight representations λ ∈ PK+ of the untwisted affine
Lie algebra gˆK , and are known as (untwisted) Cardy states |λ〉〉C. The Cardy states
may be expressed as linear combinations of Ishibashi states
|λ〉〉C =
∑
µ∈PK+
Sλµ√
S0µ
|µ〉〉I (B.11)
where Sλµ is the modular transformation matrix given by eq. (B.6), and 0 denotes
the identity representation. Untwisted D-branes of gˆK correspond to |λ〉〉C and are
therefore also labelled by λ ∈ PK+ .
The partition function of open strings stretched between untwisted D-branes λ
and µ
Zopenλµ (τ) =
∑
ν∈PK+
nµν
λχν(τ) (B.12)
may alternatively be calculated as the closed-string propagator between untwisted
Cardy states [16]
Zopenλµ (τ) = C〈〈λ|q˜H|µ〉〉C , q˜ = e2πi(−1/τ) . (B.13)
Combining eqs. (B.13), (B.11), (B.10), (B.6), and the Verlinde formula [25], we find
Zopenλµ (τ) =
∑
ρ∈PK+
S∗λρSµρ
S0ρ
χρ(−1/τ) =
∑
ν∈PK+
∑
ρ∈PK+
SµρSνρS
∗
λρ
S0ρ
χν(τ) =
∑
ν∈PK+
Nµν
λχν(τ) .
(B.14)
Hence, the coefficients nµν
λ in the open-string partition function (B.12) are simply
given by the fusion coefficients Nµν
λ of the bulk WZW model.
Level-rank duality of the untwisted open string spectrum of ŝu(N)K
A relation, level-rank duality, exists between the WZW model for ŝu(N)K and the
corresponding WZW model with N and K exchanged [1–3]. The Young tableau
λ corresponding to an integrable highest-weight representation of ŝu(N)K maps
under transposition (i.e., exchange of rows and columns) to a Young tableau λ˜
that corresponds to an integrable highest-weight representation of ŝu(K)N (possi-
bly after removing any columns of length K). This map is not one-to-one, since
cominimally-equivalent representations of ŝu(N)K may map into the same represen-
tation of ŝu(K)N (due to the removal of columns). It is clear, however, that the
cominimal equivalence classes of the two theories are in one-to-one correspondence.
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The modular transformation matrices and fusion rule coefficients of the ŝu(N)K
theory obey simple relations under the exchange of N and K. Letting Sµν and S˜µ˜ν˜
denote the modular transformation matrices of ŝu(N)K and ŝu(K)N , one finds [3]
Sµν =
√
K
N
e−2πir(µ)r(ν)/NK S˜∗µ˜ν˜ . (B.15)
where r(µ) is the number of boxes in the Young tableau associated to the represen-
tation µ. From this and eq. (B.14), it follows that [3]
Nµν
λ = N˜
σ∆(λ˜)
µ˜ν˜ , ∆ =
r(µ) + r(ν)− r(λ)
N
∈ Z (B.16)
where N˜ denotes the fusion rule multiplicities of ŝu(K)N . (For N sufficiently large,
i.e., for N > k1(µ) + k1(ν), where k1(µ) denotes the length of the first column of µ
∆ vanishes, so that on the right-hand side of the fusion algebra (B.14), λ is simply
dual to λ˜, its transpose, but in general the relation is more complicated.)
Level-rank duality of the untwisted open string spectrum of ŝp(n)k
In ref. [3], it was shown that the fusion coefficients Nµν
λ of the bulk ŝp(n)k WZW
model are related to those of the ŝp(k)n WZW model by
Nµν
λ = N˜ λ˜µ˜ν˜ . (B.17)
Since the fusion coefficients Nµν
λ are equal to the coefficients nµν
λ of the open-string
partition function, it follows that if the spectrum of an ŝp(n)k open string stretched
between untwisted D-branes λ and µ contains nµν
λ copies of the highest-weight
representation Vν of ŝp(n)k, then the spectrum of an ŝp(k)n open string stretched
between untwisted D-branes λ˜ and µ˜ contains an equal number of copies of the
highest-weight representation Vν˜ of ŝp(k)n.
C. Twisted D-branes of WZW models
In this section we review some aspects of twisted D-branes of the WZW model,
drawing on [5]. As in section B, these D-branes correspond to possible boundary
conditions that can be imposed on a boundary WZW model.
A boundary condition more general than eq. (B.8) that still preserves the gˆK
symmetry of the boundary WZW model is[
Ja(z)− ωJa(z¯)] ∣∣∣∣
z=z¯
= 0 , (C.1)
where ω is an automorphism of the Lie algebra g. The boundary conditions (C.1)
correspond to coherent states |B〉〉ω ∈ Hclosed of the bulk WZW model that satisfy[
Jam + ωJ
a
−m
] |B〉〉ω = 0 , m ∈ Z . (C.2)
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The ω-twisted Ishibashi states |µ〉〉ωI are solutions of eq. (C.2) that belong to a single
sector Vµ ⊗ V ω(µ)∗ of the bulk WZW theory, and whose normalization is given by
ω
I 〈〈µ|qH|ν〉〉ωI = δµνχµ(τ) , q = e2πiτ . (C.3)
Since we are considering the diagonal closed-string theory (B.3), these states only
exist when µ = ω(µ), so the ω-twisted Ishibashi states are labelled by µ ∈ Eω,
where Eω ⊂ PK+ are the integrable highest-weight representations of gˆK that satisfy
ω(µ) = µ. Equivalently, µ corresponds to a highest-weight representation, which we
denote by π(µ), of g˘, the orbit Lie algebra [20] associated with gˆK .
Solutions of eq. (C.2) that also satisfy the Cardy conditions are denoted ω-twisted
Cardy states |α〉〉ωC, where the labels α take values in some set Bω. The ω-twisted
Cardy states may be expressed as linear combinations of ω-twisted Ishibashi states
|α〉〉ωC =
∑
µ∈Eω
ψαπ(µ)√
S0µ
|µ〉〉ωI (C.4)
where ψαπ(µ) are some as-yet-undetermined coefficients. The ω-twisted D-branes of
gˆK correspond to |α〉〉ωC and are therefore also labelled by α ∈ Bω. These states
correspond to integrable highest-weight representations of the ω-twisted affine Lie
algebra gˆωK .
The partition function of open strings stretched between ω-twisted D-branes α
and β
Zopenαβ (τ) =
∑
λ∈PK+
nβλ
αχλ(τ) (C.5)
may alternatively be calculated as the closed-string propagator between ω-twisted
Cardy states
Zopenαβ (τ) =
ω
C〈〈α|q˜H|β〉〉ωC , q˜ = e2πi(−1/τ) . (C.6)
Combining eqs. (C.6), (C.4), (C.3), and (B.6), we find
Zopenαβ (τ) =
∑
ρ∈Eω
ψ∗απ(ρ)ψβπ(ρ)
S0ρ
χρ(−1/τ) =
∑
λ∈PK+
∑
ρ∈Eω
ψ∗απ(ρ)Sλρψβπ(ρ)
S0ρ
χλ(τ) . (C.7)
Hence, the coefficients of the open-string partition function (C.5) are given by
nβλ
α =
∑
ρ∈Eω
ψ∗απ(ρ)Sλρψβπ(ρ)
S0ρ
. (C.8)
Finally, the coefficients ψαπ(ρ) relating the ω-twisted Cardy states and ω-twisted
Ishibashi states may be identified with the modular transformation matrices of char-
acters of twisted affine Lie algebras, as may be seen, for example, by examining the
partition function of an open string stretched between an ω-twisted and an untwisted
D-brane [13].
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D. Level-rank duality of twisted D-branes of ŝu(2n+ 1)2k+1
The finite Lie algebra su(N) possesses an order-two automorphism ωc arising from
the invariance of its Dynkin diagram under reflection. This automorphism maps the
Dynkin indices of an irreducible representation ai → aN−i, and corresponds to charge
conjugation of the representation. This automorphism lifts to an automorphism of
the affine Lie algebra ŝu(N)K , leaving the zero
th node of the extended Dynkin dia-
gram invariant, and gives rise to a class of ωc-twisted D-branes of the ŝu(N)K WZW
model (for N > 2). Since the details of the ωc-twisted D-branes differ significantly
between even and odd N , we will restrict our attention to the ωc-twisted D-branes
of the ŝu(2n+ 1)2k+1 = (A
(1)
2n )2k+1 WZW model. An analysis of twisted D-branes for
ŝu(N)K for N and K > 2 and untwisted and twisted D-branes for ŝo(N)K is in [5]
First, recall that the ωc-twisted Ishibashi states |µ〉〉ωcI are labelled by self-conjugate
integrable highest-weight representations µ ∈ Eω of (A(1)2n )2k+1. Equation (B.1) im-
plies that the Dynkin indices (a0, a1, a2, · · · , an−1, an, an, an−1, · · · , a1) of µ satisfy
a0 + 2(a1 + · · ·+ an) = 2k + 1 . (D.1)
In ref. [20], it was shown that the self-conjugate highest-weight representations of
(A
(1)
2n )2k+1 are in one-to-one correspondence with integrable highest weight represen-
tations of the associated orbit Lie algebra g˘ = (A
(2)
2n )2k+1, whose Dynkin diagram is
❞
2
❞
2
❞
2
❞
2
❞
2
❞
2
❞
2
❞
2
❞
1
with the integers indicating the dual Coxeter label mi of each node. The represen-
tation µ ∈ Eω corresponds to the (A(2)2n )2k+1 representation π(µ) with Dynkin indices
(a0, a1, · · · , an). Consistency with eq. (D.1) requires that the dual Coxeter labels are
(m0, m1, · · · , mn) = (1, 2, 2, · · · , 2), and hence we must choose as the zeroth node
the right-most node of the Dynkin diagram above. The finite part of the orbit Lie
algebra g˘, obtained by omitting the zeroth node, is thus Cn. (Note that Cn is the
orbit Lie algebra of the finite Lie algebra A2n [20].)
Observe that, by eq. (D.1), a0 must be odd, and that the representation π(µ)
of the orbit algebra g˘ is in one-to-one correspondence [19, 20] with the integrable
highest-weight representation π(µ)′ of the untwisted affine Lie algebra (C
(1)
n )k with
Dynkin indices (a′0, a
′
1, · · · , a′n), where a′0 = 12(a0 − 1) and a′i = ai for i = 1, · · · , n.
Next, the ωc-twisted Cardy states |α〉〉ωcC (and therefore the ωc-twisted D-branes)
of the (A
(1)
2n )2k+1 WZW model are labelled by the integrable highest-weight repre-
sentations α ∈ Bωc of the twisted Lie algebra gˆωc2k+1 = (A(2)2n )2k+1. We adopt these
same conventions for the labelling of the nodes of the Dynkin diagram. Thus, the
Dynkin indices (a0, a1, · · · , an) of the highest weights α must also satisfy eq. (D.1),
and the ωc-twisted D-branes are therefore characterized [20] by the irreducible rep-
resentations of Cn = sp(n) with Dynkin indices (a1, · · · , an) (also denoted, with a
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slight abuse of notation, by α). That is, both the ωc-twisted Ishibashi states and the
ωc-twisted Cardy states of ŝu(2n+ 1)2k+1 are classified by integrable representations
of ŝp(n)k.
Recall from eq. (C.8) that the coefficients of the partition function of open strings
stretched between ωc-twisted D-branes α and β are given by
nβλ
α =
∑
ρ∈Eω
ψ∗απ(ρ)Sλρψβπ(ρ)
S0ρ
(D.2)
where α, β ∈ Bωc , λ ∈ PK+ , and π(ρ) is the representation of the orbit Lie algebra
(A
(2)
2n )2k+1 that corresponds to the self-conjugate representation ρ of ŝu(2n+ 1)2k+1.
The coefficients ψαπ(ρ) are given [13,20] by the modular transformation matrix of the
characters of (A
(2)
2n )2k+1. These in turn may be identified [13, 19] with S
′
α′π(ρ)′ , the
modular transformation matrix of (C
(1)
n )k = ŝp(n)k, so
nβλ
α =
∑
ρ∈Eω
S ′∗α′π(ρ)′SλρS
′
β′π(ρ)′
S0ρ
. (D.3)
We will use this below to demonstrate level-rank duality of nβλ
α.
Level-rank duality of the twisted open string spectrum
The coefficients of the partition function of open strings stretched between ωc-twisted
D-branes α and β are real numbers so we may write (D.3) as
nβλ
α =
∑
ρ∈Eω
S ′α′π(ρ)′S
∗
λρS
′∗
β′π(ρ)′
S∗0ρ
. (D.4)
Under level-rank duality, the ŝu(N)K modular transformation matrices transform
as [3]
Sλµ =
√
K
N
e−2πir(λ)r(µ)/NK S˜∗
λ˜µ˜
(D.5)
and the (real) ŝp(n)k modular transformation matrices transform as [3]
S ′α′β′ = S˜
′
α˜′β˜′
= S˜ ′∗
α˜′β˜′
(D.6)
where S˜ and S˜ ′ denote the ŝu(K)N and ŝp(k)n modular transformation matrices
respectively, µ˜ is the transpose of the Young tableau corresponding to the ŝu(N)K
representation µ, and α˜′ is the transpose of the Young tableau corresponding to the
ŝp(n)k representation α
′. These imply
nβλ
α =
∑
ρ∈Eω
S˜ ′∗
α˜′π˜(ρ)′
S˜λ˜ρ˜S˜
′
β˜′π˜(ρ)′
S˜0ρ˜
e2πir(λ)r(ρ)/(2n+1)(2k+1)
=
∑
ρ∈Eω
ψ˜∗
α˜π˜(ρ)
S˜λ˜ρ˜ψ˜β˜π˜(ρ)
S˜0ρ˜
e2πir(λ)r(ρ)/(2n+1)(2k+1) . (D.7)
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Let ρˆ be the self-conjugate ŝu(2k + 1)2n+1 representation that maps to the ŝp(k)n
representation π˜(ρ)′, which is the transpose of the ŝp(n)k representation π(ρ)
′. In
other words, the representation π(ρˆ) of the orbit algebra is identified with π˜(ρ).
Now ρˆ is not equal to ρ˜ (the transpose of ρ), which is generally not a self-conjugate
representation, but they are in the same cominimal equivalence class,
ρ˜ = σr(ρ)/(2n+1)(ρˆ). (D.8)
Equation (D.8) implies that [1, 3]
S˜λ˜ρ˜ = e
−2πir(λ)r(ρ)/(2n+1)(2k+1)S˜λ˜ρˆ (D.9)
so that eq. (D.7) becomes
nβλ
α =
∑
ρˆ
ψ˜∗α˜π(ρˆ)S˜λ˜ρˆψ˜β˜π(ρˆ)
S˜0ρˆ
= n˜ α˜
β˜λ˜
, (D.10)
proving the level-rank duality of the coefficients of the open-string partition function
of ωc-twisted D-branes of ŝu(2n+ 1)2k+1. That is, if the spectrum of an ŝu(2n + 1)2k+1
open string stretched between ωc-twisted D-branes α and β contains nβλ
α copies
of the highest-weight representation Vλ of ŝu(2n+ 1)2k+1, then the spectrum of an
ŝu(2k + 1)2n+1 open string stretched between ωc-twisted D-branes α˜ and β˜ contains
an equal number of copies of the highest-weight representation Vλ˜ of ŝu(2k + 1)2n+1.
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